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On Strength Functions for
Orthotropic Brittle Materials
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TEASED upon the strength-tensor theory proposed by
-DGoPdenblat, et al.,1 Huang2'3 determined the second,
fourth, and sixth rank strength-tensors in the three-
dimensional case for each of the crystal classes, from con-
sideration of invariant transformations of the strength func-
tion. The invariants for a strength function having or-
thotropic symmetry are then used to determine, explicitly, the
cubic form of the strength function for orthotropic media.4

The main purpose of the present paper is to formulate a
strength function for orthotropic brittle materials which takes
both the Bauschinger effect and the influence of stress in-
teraction into account. Also, for simplicity, only the com-
ponents of the second and fourth strength tensors for or-
thotropic brittle media are considered. The components of the
strength tensors are expressed in terms of engineering
strengths, which are determined directly from tests of the or-

, thotropic brittle materials. To demonstrate the method of ap-
plication, the strength functions for Graph-I-Tite-Grade G5

and Grade ATI6 are presented as examples.
For the class of orthotropic symmetry, the numbers of

linearly independent stress invariants of the first and second
are three and nine, respectively. The strength function is then
expressed as a quadratic form3'4

By introducing the following symbols defined by Hill8

F=-F13 , G=-F23 , H=—F12

2L=F44 , 2M=F55 , and 2N=F66

and by imposing the assumption of incompressibility, i.e.,

Fn = G+H , F22=H+F , and F33=F+G

Equation (1) is reduced to the Hoffman criterion for or-
thotropic brittle media7;
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Furthermore, if the absence of Bauschinger effects is
assumed, the second order strength tensor F, vanishes, and
Eq. (3) yields to the Hill criterion for anisotropic media8
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The twelve strength components FJf...,F66 in Eq. (2) are in-
trinsic material parameters, and must be determined ex-
perimentally from the basic engineering strengths of an or-
thotropic medium. The results are3
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The axes of elastic symmetry of orthotropy are designated
as coordinate axes, (xltx2,x3). By taking a = /3 = l in Eq. (1),
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Fig. 1 The shear strengths in the symmetric plane z/x3 along the
directions Xj and Jtj—axis.
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Fig. 2 Strength function for graph -1- tite.

Position shearing strengths
planes of symmetry (XjX2,
X3x2) along with the new
dinates (xjUl), (x/',x2), (
respectively. See Fig. 1 .
Negative shearing strengths
planes of symmetry (xjX2,
X2x3), along with the new
dinates (xltx2)9 '(*/',*5),(
respectively. See Fig. 1 .

Table 1 Engineering strengths of Graph-I-Tite,
a high density polycrystalline graphite

in the
X1x3f
coor-

in the
XjX3,
coor-

xt =3,100psi
y, = 3,700 psi
SJ450) =2,900 psi

, xc = 5,500 psi
, Y =10,000 psi
, s£45°> = 3,100 psi*

Table 2 Engineering strengths for Grade ATJ Graphite

xt =3,500 psi , xc
Y; =2,700 psi , Y
SJ45°) =3,400 psi , S?

= 6,800 psi
= 10,000 psi
= 3,000 psi

Fig. 3 Strength function for grade ATJ graphite.

While the triaxial fracture stresses for orthotropic brittle
materials are practically non-existent, the most extensive ex-
perimental results of biaxial fracture stresses for Graph—I-
Title-Grade G5 and Grade ATJ Graphite,6 available to the
writer, are used for the verification of the proposed criterion.
The experimental results are obtained by three test methods:
(1) short-tube method, (2) long-tube method, and (3) pressure-
vessel method (See Refs. 5 and 6). Results are summarized in
Tables 1 and 2 were the strength data Sj45") is obtained by
the method of interpolation.

The components of strength tensors F, and Fu can be
calculated from Eq. (5) with the engineering strengths given
above. The results are: a) Graph-I-Tite: Fj = 1.4076x 10 ~4,
F2 = 1.7027xlO-4, JF / /=5.8651xlO- 8 , F22=2.7027x
10-8,andF /2=-1.2778xlO-8.

b) Grade ATJ Graph: F7 = 1.3866x 10~4, F2 = 2.4537x
10-4, F,7=4.2017xlO-8, F22 = 4.6296 x 10 ~8 , F12 =
0.4863 xlO-8 .
The strength functions for Graph-I-Tite and Grade ATJ
Graphite with zero shearing stress a6 are plotted in Fig. 2 and
Fig. 3, where the experiment data were obtained by Ely and
Weng, respectively.

Figures 2 and 3 show that the agreement between the
proposed criterion and the experimental results is good except
in the compression-compression (c — c) biaxial-stress
quadrant, for those tests c—c stress quadrant, the fracture
modes are dominated by the geometric parameters of tubular
specimens, such as the thickness-diameter ratio and the
thickness-length ratio. In other words, the instability and the
arch-action of the tubular specimens have a significant in-
fluence on the strength in the c—c stress quadrant. This partly
explains the reason for a wide scatter in strength data of the
orthotropic brittle material. For other types of test specimen,
the strength of the materials might be different from those
strengths obtained by the tubular specimen test. Thus, it is
suggested that additional experimental work on strength with
other types of specimens is needed in c-c stress quadrant.

Finally, it is worthy to note that the present proposed
strength function is a simple failure criterion, which takes the
Bauschinger effect and stress interaction into account. The
components of strength tensors F, and F/,- satisfy the invariant
property. Also Hoffman's and Hill's criteria are the special
cases of this general criterion proposed.
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Table 1 Calculations of Nash and Scruggs6 for the swept wing of
Fig. 1 at A/oo = 0.5. GF =chordwise-average skin-friction coefficient
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Introduction

THE turbulent boundary layer on a constant-chord
swept wing (or infinite yawed wing) is aerodynamically

three-dimensional, because the velocity and shear-stress vec-
tors do not coincide in plan view; but it is computationally
two-dimensional, because derivatives along the generators are
zero.1'4 Infinite yawed wings are a useful approximation to
real wings, but it does not seem to have been realized that
calculations for straight-tapered wings (a very good ap-
proximation to many real wings) are only slightly more com-
plicated. Here we describe the extension of an infinite-wing
program to the case of a straight-tapered wing. The program
calculates compressible flow with or without heat transfer.

Over the outer, straight-tapered part of the wing shown in
Fig. 1, derivatives of external-flow quantities along the
generators (spanwise) are nearly zero except near the tip.
Because the boundary-layer thickness varies along the
generators, span wise derivatives within the boundary layer
are not zero, but they can easily be related to derivatives nor-
mal to the surface, so that, as on an infinite yawed wing,
calculations are needed at only one span wise station, from
which results at other stations follow by scaling with the local
chord. The full equations for nonaxisymmetric flow in cylin-
drical polar coordinates are given by Rodi:5 his x, r, 6
correspond to the present y, r0—z, x/r0, respectively. All
equations contain extra terms which can be loosely described
as rotation-of-axes terms. The Reynolds-stress transport
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2.75
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equations contain extra generation terms which are in-
dividually of the same order as the rotation-of-axes terms but
whose net effect is much smaller. Nash and Scruggs6 used a
cylindrical polar coordinate system in calculations of the tur-
bulent boundary layer on the straight-tapered wing shown in
Fig. 1; they neglected the extra generation terms without ex-
planation, and did not notice that derivatives along the
generators could be simplified.

Hash's and Scruggs' predictions of the skin friction coef-
ficient, and of the displacement thickness divided by local
chord at the trailing edge of the wing shown in Fig. 1 are given
in Table 1. The variation along the span is negligible, as our
straight-taper approximation would predict, except near the
crank and the tip; a small Reynolds-number effect on skin
friction can be seen. The report from which Nash and Scruggs
took the pressure distributions is not publicly available so we
have not been able to check the present method against their
calculations (which used a slightly simplified version of the
present turbulence model). However their finding that the
isobars on a real straight-tapered wing conicide quite closely
with the generators, even at M^ =0.99, justifies the approach
in the present paper.

The Program
We have programed the compressible heat transfer ver-

sion7 of the boundary-layer calculation method of Bradshaw
and Ferriss,8 for straight-tapered wings. The extension of the
incompressible isothermal version to infinite swept wings was
described in Ref. 2 and the present version is essentially the
same aerodynamically. The twp^ components of the Reynolds
shear stress r, -piw and -pznv, are predicted by transport
equations, which are a logical extension to three dimensions
of the empirical shear stress transport equation derived from
the turbulent energy equation in Ref. 8. It should be noted
that this shear-stress equation is conceptually equivalent to
those derived by later workers from the exact shear-stress
transport equation; it has the advantage of being based on an
exact equation whose main terms have been measured. The
heat-transfer calculation uses a slightly refined version of the
usual assumption of constant Prandtl number. In contrast to
integral methods, crossover profiles present no difficulty. The
main advantage over the integral methods actually available
for three-dimensional flows is the use of a modern turbulence

Fig. 1 The tapered wing of Nash and
Scruggs6 showing the present axes. Method is
expected to be valid outside dotted regions.


